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Output factors for squared, 
rectangular and elongated photon fi elds of linear accelerators: 
A supplement to Stirling’ formula.*
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Abstract.

For dose calculation in radiation therapy with photons a variety of basic beam data are required, 
such as percentage depth doses, dose profi les, and output factors (OF) for open as well as for 

wedged beams. In contrast to profi le measurements, output factors have to be measured for all squared, 
rectangular and also for extremely elongated fi eld sizes. To realize smooth output factor functions, at 
least 100 different fi eld sizes with small increments in length and width have to be measured.
 A simple modifi cation of the Stirling’ formula, taking into consideration the collimator exchange 
effect, allows an accurate prediction of the output factors for all fi eld sizes, based on the experimental 
data survey for the minimum, the maximum and the reference fi eld size (10 x 10 cm2) only. The ratio of 
the calculated OF and the measured one’s stays within 1.0025 ± 0.009, even for elongated and wedged 
fi eld sizes. All major vendors of medical linear accelerators have been included in this study.

1. Introduction.
 Dose calculation in radiation therapy requires an accurate beam modeling. This might increase the 
number of basic measurements dramatically, especially for the realization of a smooth output factor func-
tion, when the collimator exchange effect is taken into account. This is mandatory, because the output 
factor OF(F) is directly combined with the number of monitor units NMU to deliver a defi ned dose D(F, d, r) 
to a specifi c point:
D(F, d, r) = D

cal
 • N

MU
 • OF(F) • TMR(F, d) • OAR(F, r, d) • (SCD/(SSD+d))2 • MOD,   (1)

 F  fi eld size,   OF   output factor, 
 d  depth,     OAR  off axis ratio, 
 r  off axis distance,  SCD  source-calibration-distance, 
 D

cal
  calibration factor,  SSD   source-skin-distance, 

 N
MU

  number of MU,  MOD  dose modifi cator.

* presented at 9th AOCMP and 7th SEACOMP, 22-24 Oct. 2009, Chiang Mai, Thailand
The original Stirling’ formula for calculation of equivalent squares does not take into account the collimator exchange effect, 
because the formalism was developed for a cobalt unit with a totally
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 The output factor itself is defi ned as the ratio of 
measured doses at depth d on central axis for a 
fi eld size A x B and the reference fi eld size 10 x 10 
cm2: “A” represents the distal (lower) collimator, “B” 
represents the proximal (upper) collimator, defi ning 
fi eld width and fi eld length, respectively. Forsquared 
fi eld sizes a small increment in fi eld width and length 
guarantees a smooth and accurate shape of the 
output factor function. But for rectangular and      
extremely elongated fi eld shapes it is in addition of 
importance, which one of the jaws (collimators) 
defi nes length and width of the treatment fi eld. The 
different infl uence of the jaws on output factor is 
called exchange effect and might amount up to        
4 - 5 %, depending on construction features of the 
treatment head of the linear accelerator. (1,2)

 different jaw and source construction compared 
to a linear accelerator. (3),(4),(5),(6),(7) And Co-60 units 
are not equipped with an ionization chamber for 
dose measurement, because this is accomplished 
by a redundant clock system with respect to dose 
rate, depending only on physical half life of the used 
nuclide.
 Instead of introducing a treatment planning 

convention using always a specifi c jaw (upper or 

lower) for the larger fi eld dimension, which is in 
practice hardly feasible, or increasing the number 
of OF – measurements, a simple correction factor 

is suggested here to take into account the jaw  
exchange problematic. This is known only for linear 
accelerators equipped with two pairs of movable 
jaws. (4) 

2. Material, methods and procedures.
 For determination of output factors in photon 
fi elds different commercially available medical linear 
accelerators of all major vendors (Elekta/Philips 
Siemens; Varian; Varian-Novalis) have been                
investigated. The photon energies of 12 units          
include 4-, 6-, 8-, 10-, 15- and 18 MeV-X, for a total 
of 30 beams. Only for two units output factors for 
wedged fi elds have been measured, because in 
general dynamic (or virtual) wedges are mainly used 
in daily routine. 
 Either a mini-phantom (build-up-cap), a block 
phantom (both made of PMMA) or a water phantom/ 
solid water phantom was used to measure relative 
doses at SSD of 90 cm or 100 cm. The diameter of 
the mini-phantom as well as the depths in phantom 
depend on the photon energy of the beam, or was 
set to d = 10 cm or to d = dmax, respectively. The 
fi eld sizes varied between 2 x 2 cm2 (4 MeV-X), 3 x 
3 cm2 (18 MeV-X) and 40 x 40 cm2 for all linear    
accelerators, except for the stereotactic unit                 
(6 MeV-X) with fi eld sizes ranging from 1 x 1 cm2 to 
15 x 15 cm2. (8) The fi eld sizes for wedged beams 
where set according to the technical limitations of 

the particular linear accelerator, in most cases 4 - 20 

cm in wedge direction. Readings where normalized 
to the reference fi eld size 10 x 10 cm2 : OF(10) = 
1.000. For the stereotactic unit the output factors 
for  wedged beams include the wedge factor : OF 

<< 1. To cover the whole range of rectangular fi eld 
sizes for most of the units the number of measured 
fi eld sizes exceeds n = 80. 

 According to Sterling’ formula the equivalent 
fi eld sizes are calculated: F = 2 • A • B / (A + B). 
The approximation of the output data for squared 
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field sizes can be done by several analytical           
functions, for example a polynomial fi t of higher 
order, a modifi ed 2 - parameter exponential function 
(4), a sigmoidal 4 - parameter function (MMF model), 
or a so called Hoerl function (3 - parameter power 
function).(9) For this investigation the Weibull         
function OF = a - b • exp(-c • Fd), (OF: output       
factor; F: equivalent fi eld size; a, b, c, d: constants) 
as well as the Hoerl model is used: OF = a • bF • Fc 
(OF: output factor; F: equivalent fi eld size; a, b, c: 
constants). In this context the constants a, b, c, and 
d have no physical meaning: They where optimized 
for best approximation of the data. The shapes of 
this curves don’t show any infl ection points nor 
maxima or minima within the range of fi eld sizes 
(Fmin… Fmax) and the slope is positive, describing 
the increase of the scattering volume of the fl attening 
fi lter and the wedges, in case of the total output 
factors the additional scattering in the phantom as 

well. By means of the Marquardt-non-linear fi tting 
algorithm (10) the parameter a, b, c, and d are         
determined for the squared fi eld sizes. 
 The approximation is characterized in all 
cases by σ = 0.0023 (≤  0.3 %). Adding the output 
data of rectangular and elongated field sizes,        
recalculated by the Stirling’ formula, increases the 
scattering of data signifi cantly: σ

J
 = 0.0093 (J stands 

for a particular treatment unit in table 1). This is 
caused by the position of the proximal and distal 
collimator pair, and the infl uence of the build-in 
monitor chamber. To account for this collimator 
exchange phenomena, a simple correction,              
describing the different distances between the focal 
spot and the top of the movable collimator jaws, is 
introduced.(11,12) This data can be easily taken from 
the physical device description provided by the 
vendors: 

F = 2 • A • C
1
 • B • C

2
 • C

3
 / (A • C

1
 + B • C

2
),   (2)

  A fi eld width (lower collimator), 
  B fi eld length (upper collimator), 

  C
1
 correction for A, 

  C
2
 correction for B, 

  C
3
 re-normalization factor for corrected fi eld size [C

3
 = (C

1
 + C

2
) / (2 • C

1
 • C

2
)]. 

 Four effects mainly infl uence the output factor, 
and subsequently describe the collimator exchange 
factor: 1. scattering within the fl attening fi lter ; 2. 
forward scattering of collimator jaws; 3. back        

scatter into the monitor chamber of the linear           
accelerator; 4. phantom scatter.(13) All of these        

effects show fi eld size dependencies. But combined 
with correction factors C

1
 and C

2
 the projected 

primary collimator unveils the different geometrical 
position with respect to scattering into the internal 

dose monitor, which is positioned at 10 cm upstream 
of the top of the upper jaw collimator (see fi gure 1).
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Figure 1. General design of collimators (beams-eye-view).   
  X1, X2 : lower jaws; Y1, Y2 : upper jaws; X, Y : fi eld size;
  ppc : projected primary collimator.

Figure 2. Output factors for squared, rectangular and
  elongated fi eld sizes.
  F: equivalent fi eld size; OF: output factor. 

 Out of this four above mentioned effects, only 
the backscatter (3) into the monitor chamber of the 
treatment unit and the forward scatter (2) to the 
external ionization chamber are infl uenced by the 
collimator exchange effect. A separation and          
estimation of these two effects is possible by 
evaluation of a complete set of OF data of a unit. 
This will be described in a future publication. Phantom 
scatter and scattering of the fl attening fi lter are  
invariant according to the exchange effect, because 
the scatter defining volumes are identical in         
phantom and fl attening fi lter, respectively. 

3. Results.
 The output data for squared fi eld sizes of 31 
photon beams from 12 different medical linear       
accelerators show extremely small deviations          

according to the used analytical function for              
approximation: σ

mean
 = 0.0023 (≤  0.3 %); in all 

cases the correlation coeffi cient r > 0.999. Including 
the data for rectangular and extremely elongated 
fi eld sizes increases the scattering interval to about 

2 … 3 %. This demonstrates clearly, that the Stirling’ 

formula doesn’t account for the exchange effect 
(fi gure 2).

 The application of the correction factors C1 
and C

2
 reduces this interval again to about 0.3 … 

0.5 %. This uncertainty of data is comparable to the 
reproducibility of the measurements itself (fi gure 3). 
Slightly larger deviations occur in some special 
cases, when a motorized wedge was used for very 
small fi eld sizes and the output measurements 
where done in the depth d = d

max
 (linear accelerator 

unit P 6X and P 15X, P 6XW60 and P 15XW60) or 

when on a stereotactic unit the minimum fi eld size 

seems to be inadequate small with respect to the 
used ionization chamber (linear accelerator O1     
and O3) for the basic measurements : 1 x 1 cm2               
(table 1). 

 For demonstration of the quality of the above 
described correction formalism, the data of the 
linear accelerator J 8X are presented and analyzed 

more in detail. The best fi t approximation off all 
measured squared fi eld sizes (n = 10) is  characterized 
by σ

J
 = 0.0017 (σ

J
 ≤  0.2 %) and rJ = 0.999918. 
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Taking into account all measured field sizes                   
(n = 100), squared, rectangular and elongated, 
increases the standard deviation to σ

J
 = 0.0077, 

and the regression coeffi cient reduces to r
J
 = 0.9944 

(see also fi gure 2). 

Table 1. Accuracy of prediction of OF

∆
1
 : Y = min; X = max; ∆

2
 : Y = min + 1 cm; X = max; ∆

3
  = σ Y = X= min … max; 

∆
4
 : Y = max; X = min + 1 cm; ∆

5
 : Y = max; X = min; (Y/X): minimum and maximum settings of 

  movable jaws ; tab. values: calc./exp; * data from Purdy (1983). 
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 The application of the exchange correction 
factors C

1
 and C

2
 minimizes the scattering of the 

output factors again: σ
J
 = 0.0019 (see fi gure 3). 

Even for the extremely elongated fi eld sizes 3 x 40 
cm2 and 40 x 3 cm2 an accurate prediction of the 
output factor is possible: the deviations between 
the measured and the predicted data are ∆

J
 ≤  0.2 

% (see table 2). Because of the characteristics of 
both of the functions used for approximation,        
representing the construction features of the           
treatment head, the number of input data can be 
reduced to the minimum, the maximum and the 
reference fi eld size. The results, based on this 3 – 
point - approximation, are also listed in table 2.

Figure 3. Output factors for squared and corrected 
  rectangular and elongated fi eld sizes.
  F : equivalent fi eld size; OF : output factor.

4. Discussion and conclusion. 
 The collimator exchange effect already               
exceeds the 1% - level at moderate fi eld sizes of 
about 20 x 20 cm2, and for extremely elongated fi eld 
sizes, such as 40 x 4 cm2, which are sometimes in 
use for dorsal spine treatments, this phenomena 
introduces an uncertainty of more than 3% on    
particular medical linear accelerators. Beside this 

uncertainty a variety of other facts might infl uence 
the result of the dose calculation. According to 
propagation of errors even this small infl uence of 

the collimator exchange effect should be minimized. 
This can be accomplished by measuring the whole 
range of fi eld sizes (n ≥  100), setting the increment 
of length and width as small as necessary to get 
smooth shaped output factor functions, to minimize 

interpolation errors. 

 Or to use a simple algorithm, based on physical 
device data, some basic assumptions about             
involved scatter volumes, and only three fi eld size 
measurements, which allow a prediction of output 
factors for the whole range of fi eld sizes, open as 
well as wedged, with an accuracy of about 0.5 %, 
even for extremely elongated fi elds sizes and also 
accounting for the collimator exchange effect. This 
proposed addition to the Stirling’ formula fulfi lls in 

an ideal manner the simplifi cation and reduction of 

measurements without any loss of accuracy,           
because it depends on pre-known geometrical    
data instead of post-optimization of experimental 
results. (14),(15),(6) 

 Also for QA reasons this fi nding validate the 
assumption, that 3 field sizes characterize the   
whole OF data matrix of at least 100 single fi eld 

measurements in an adequate and suffi cient way. 
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Table 2. Prediction of OF for radiotherapy unit J8

Table 3. Correction parameters. 

1 all squared fi eld sizes (n = 10); 2 all fi eld sizes, including squared, rectangular and elongated (n = 100); 3 all fi eld sizes corrected according to      
formula (2); 4 best-fi t based on 3 fi eld sizes (minimum, maximum and reference); 5 measured OF factors; 6 difference between 3-pt.-approximation and 
measured values of OF.

5. Addendum.
 Experimentally it has been shown, that C

1
 and C

2
 work excellent to describe the collimator exchange 

effect on all linear accelerators of the main vendors:

  F=   2 • C
3
 • A • C

1
 • B • C

2
 / (A • C

1
 + B • C

2
).    (3) 

 A simple re-arrangement and some abbreviations result in a unique constant k, which is specifi c for 
each type of treatment unit, including open and wedged beams, because the principal fi eld size dependence 
is described by the output factor function for squared fi eld sizes: 

  F =  A • B • (k + 1) / (k • A + B),       (4) 
 with k =  C

1
/C

2
. 

Vendor   SIEMENS  Elekta/Philips  VARIAN/Novalis 

    k      1.333       1.329          1.315 
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 In table 3 the values of k are listed for different 
vendors. The constant k, calculated by means of 
physical device data, seems to be identical to the 
analytically derived constant A, proposed in the 
literature. (6) 
 All commercially available medical linear          
accelerators show similar design characteristics 
with respect to the movable jaws and subsequently 
the factor k is comparable for all units. 
 When the correction factors C

1
 and C

2
 are 

identical, there is no exchange phenomena and the 

equivalent fi eld size formula reduces to the well 
known Sterling’ formula. Also for squared fi eld sizes 
the correction function is neutral. 
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